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Ob11ast XapakTepucTuKa padoThI

AKTyaJIbHOCTb T€MBbI. BhicTpble aJropuTMbl UTPAIOT BaXKHYIO POJIb IIPU 00-
paboTKe JIMCKPETHBIX MEePUOJINIYECKIX CUIHAJIOB, OCOOEHHO B MHOTOMEPHOM CJIy-
yae. Hamnbosiee MONMyIApHBIM U MTO-TIPEXKHEMY BOCTPEOOBAHHBIM SIBJISETCS ObICT-
poe mpeobpazosarne Pyprve (BIID). Ormernm, aro Teopust BII® ganexko He mpo-
cra. Kiraccmaeckumu tpygamu 1o BII® cranm kaurm Maxkkiennana n Peiijepa,
breitxyra, Hyccoaymepa.

Kirouesoit paboroii B reopun BIID saunack pabora Kymu n Thiokn 1965 roja.
HemasnoBarkuyto poJsib B TO BpeMs CHII'PAJIO PA3BUTHE BHIYUCIUTE/IHHBIX CPEJICTB.
B pabore Kynu u TwloKM IpuBOJNTCSA BpeMsi pabOThI peaim3aliil TPEXMEPHOI'O
BII® na «#HoBBIX» Torma 9BM IBM 7094. C tex nop unrepec k BII® ne yracaer.
B uzBecTHOM 0630pHOM oTuéTe Bappaca 1997 roja ynomunaercst 6osiee 3400 pabor
1o BII®. Bosbmias yacTh U3 HUX — 9TO padOThI, CBI3aHHBIE ¢ BRIYUCIUTETHLHBIME
acriektamu BII® n Bonmpocamu peamm3anun BII® na pa3anaabix apXUTEKTypax
9BM. Bormpoc o 0bicTpojieficTBII CTOUT OYeHb OCTPO B CBSI3U ¢ 00pabOTKOI cHr-
HAJIOB B peaJibHOM BPeMeHH, a JucKperHoe npeobpasosanne Oypobe ([AI1D) sipiist-
eTcs 0a30BOil oneparueil st IPpyrux aJropuTMOB, U OBICTPOJIEHCTBAE CUCTEMBI
B IIE€JIOM CHJIBHO 3aBUCUT OT 3pdekTuBHOil peanuzanun BIID. Tunu4anbie mpusio-
YKEHUsI — 9TO U@ POBBIE YCTPOICTBA CBA3U, ay lo- U BUIEOYCTPONHCTBA.

Hecmorps na To, uTo apdexktuBnbie aaroputmbl bIID cymecTBytoT 115 mpax-
TUYECKH JTIFOOBIX JIJIMH IIePUOJIOB, JI/INHA, PABHAS CTEIIeHN JIBOMKN, OCTAETCs CaMOii
nonysipuoit. B srom ciaydae BII® jocTtaTtodno jierko peajansyercs, U OCHOBHOI
BBIUHC/IUTE/ILHBII MO/IY/Ib «0ab0UKay 3aJa6TCsi BCErO HECKOJIbKUMU HHCTPYKIIH-
M. bBojiee C/IOXKHBIN 110 peasim3aliun, HO OoJiee 3 deKTuBHbI ajsropurm bBIID
«split-radix» 1103BOJIsIET COKPATUTDH YUCJIO BEIIECTBEHHBIX apudMeTHIecKnX Olle-
paruii na 20%, a ajropuTM, olnucaHHbIil B HOBoi pabore @puro u xxoncona 2007
roja, — emé npumepno na 6%.

Paziuuneie anropurmbl BII® 3aBucsT ot apudmerniecKnxX CBOICTB JIINHBI
nepnojia curHasa. Keam sTa JUimHa — YHUCJI0 COCTaBHOE, TO UCIOJIb3YETCS aJiro-
purm Kysmn-Thioku. B citydae, Korja jijinHa CUrHaJa MOXKET OBITH ITPEICTaBIeHA
B BHUJIe TPOU3BE/IEHNs IMONMAPHO B3aUMHO IMPOCTBIX YNCE]I, MPUMEHUM aJrOPUTM
IPOCTBIX MHOXKHUTeJIel, pa3zpaboTanublii I'yiom B 1958 rojy. B BbIUnC/IMTEIBHOM
OTHOIIIEHNH aJIrOPUTM IPOCTHIX MHOXKHUTe/ el Tpoire ajaropurma Kynn-Tbrokn.

Ecmm pymaa curiaiga aBIgeTcs MPOCTBIM IUCIOM, TO MOXKHO BOCIIOJIb30BATh-
cs anroputMmoM Peitniepa. B srom ciydae 3asiada Beraucienns 11D cropuTesa K
3a/lave BBIYUC/ICHUS IUKINIECKOi CBEPTKU. DPdeKTHOE MPpUMEHEHNe STOH wien
namén Bunorpasn jisa seranciaenus 11O webosbinoit mmHbL. 3ajada ObICTPOro
BBIYHUC/IEHUS MTKJINIECKON CBEPTKU PEITAeTCs ¢ MTOMOIIHIO TOJTMHOMUATLHOM TeX-
nukn. [lo cytu, meron Bunorpasa maér paznoxkenune marpuiibl Pypbe MaJIoro mo-
psIIKa B NTPOU3BEJIEHNE TPEX MATPUIL — MATPUIIBI MTPEJICTOKEHNH, THArOHAIHLHOT
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MATPUIBI 1 MATPHUILBI TOCTCI0KeH . Takoe pas/iozKeHne nMeeT 1MeIbio MUHIMI31-
poBaTh uncjio yMHOKeHuit. CJIo2KeHNsT ONTUMU3UPYIOTCS BPYyUIHYIO. AJIFOPUTMBI
Bunorpajia mMaJibix JUIMH 9G@EKTUBHO UCHOIB3YI0TCA B ajqroputMmax BIID i
COCTABHBIX JIJINH.

Unest pakTopusanun marpuilbl @ypbe 1npejicraBisieTcst HanbdoJiee mepCreKTuB-
Hoii. OOl MoJIX0/ K OCTPOEHUIO OBICTPBIX AJITOPUTMOB CBA3AH C PA3JI0KEHIEM
MaTpuiibl Pypbe B IpOU3BEIeHIE C1a00 3all0JTHeHHBIX MaTpuIl. [ToCcKOIbKY Takue
pas/IozKeHusi He €JIMHCTBEHHBI, BO3HUKAET BO3MOYKHOCTH BBIOOpA HAMJIYUIINX B
HEKOTOPOM CMBbIC/Ie pa3JjioxkeHuil. Briepsble Ha Da3e KpOHEKEPOBa YMHOKEHIS MaT-
punt paxropuzanug mMarpuilbl Pypbe Obliia mosydena B padbore [Inza 1968 roja.
B sTo0it cTarhbe paccMaTpuUBAJICS BOIPOC O MapaJsiiebHbIX BbruncaeHnsx. [To3zxke
B 1979 rony Kopnom u JlamMOnoTrom OBLIM TOJYYEHBI (DAKTOPU3AIMH MATPUIIBI
dypbe, OPUECHTHPOBAHHBIE HA BEKTOPHBIE BHIYHUCJ/ICHUSI.

B Teopun ObICTPBIX OPTOrOHAJIBbHBIX IIPpeoOpa30BaHmil BaXKHYIO POJIb UI'PAIOT
nepectaHoBKU. OOBITHO TIEPECTAaHOBKHI OCOOBIM 00pa30M U3MEHSIIOT MOPSJI0K BXO/I-
HBIX WJIM BBIXOJIHBIX OTCYETOB CHUI'HAJIA. DTO HE BCeria ya0OHO. AJITOPUTMBI, HE
TpedyIolINe MepecTaHOBKN JIAHHBIX JI0 HJIH TOC/Ie TPpeodpas3s0BaHm, Oy YNNI Ha-
3Banme «self-sorting». Briepsbie Takoit aaropurm BII® Ob11 noyden CTokxeMoM
B 1967 romy. pyroit ajropuTM, OCHOBaHHbII Ha pakTopusalun Marpuiibl Pypbe,
ObL1 paspadoTan [taccManoM. /leTaabHO Takne aJropuTMbl PACCMOTPEHBI B 0030D-
Hoit pabore Temieprona 1983 rosa.

Ocobenno apdexktuno ujes BIIO padboraer B MHOrOMepHOM ciydae. Tpajiu-
IIMOHHO HCIIOJIb3YIOT IIOCTPOIHO-CTOJIOIEBOI MeTo 1. B aToM MeToe Jijist KarK 101t
Pa3MEPHOCTH ITPUMEHSIETCsI COOTBETCTBYIONIU oHOMepHBIi anroputM BIID. Bo-
Jiee 3(PEeKTUBHBII ABYMEPHBIil aaropuT™, moxoxKuit Ha ajroputMm Kymmm-Tbokm,
npeutoxku Paitops B 1977 rojry. Vceno/ib3oBarh MoJimHOMUAJIbHBIE ITPE0OPa30Ba-
Hus s Beraucienus 11O npemtoxxumm Hyccbaymep n Ksenpenn. Ipyroit airo-
PUTM C ITOXOXKNMI XapakTepucTukamn noaydmin Ayciaergaep, Peiir 1 Burorpa.

Bapuanter BII® ocHoBbIBaroTCst Ha Pa3HBIX MPEJCTABICHUAX (KOJAUPOBAHUN )
nHeKcoB curaaia. CMmermanublii Koy ucnosbayercs B Metoje Kynu-Troioku (ecim
JUIMHA TIepuojia paBHA CTEIeHN JBOIKN, TO 9T0 OmHApHBIH Koi). Kuraiickuit u
PYypHUTACKHUil KOJIbI — B MeTOojie MpocThix MHOxkuTeseir. M. B. Cepynk B cBOMX
paborax cepeaunbl 1980-X 10/10B HPEII0KIT 0000IIEHHOE TIPE/ICTABICHIE MHEK-
COB, CBSI3aHHOE C BBEJIEHUU BEKTOpa MAapaMeTpPOB. DTO IMOCJIYKIUJIO OCHOBON JIJIsd
napamMeTpuyeckoii paxTopusanuu MaTpuiibl ypoe.

IHear paboThI.

1) HUceaedosanue pasauimvie apuarmos gaxmopudayuu mamputv, Pypve na
0a3e KPOHEKEPOBAQ YMHONCEHUA MAMPUL.

2) Paspabomwxa obuiezo nodroda x evuucaenuro D, ocnosanmozo 1a napa-
MEMPUUECKOM KOOUPOBAHUU UHIEKCOB.
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3)
)

Iocmpoenue napamempuveckozo arzopumma BIID 6 mrozomeprom cayyae.

Ioryuenue 6oree demanvroti daxmopusayuu mampur, Pypve Maivlx no-
PAOKOG.

Mertoauka uccijaemoBaHmus. B jmccepraiinoHHoil padoTe UCI0/Ib30BAJICT Ma-
TeMaTUIECKUil ammapaT JUCKPETHOTO TapMOHIYIECKOTO aHaIM3a U MATPUIHON aJl-
redphI.

Hayunass HoBu3Ha. B juccepramuum mosydeHbl CJIeIyIONe OCHOBHBIE De-
3YJIbTATHI.

1)

)

Buwisederiv, pexyppernmmnie cCOOMMHOULEHUA ONA MATPULY, PEBEPCHBLLT NEPECTNA-
HOBOK U HA IMOT OCHOBE NOAYUEHD, YEMDBIPE GAKMOPU3AUUL MAKUT MAM-

puy.

Toayuena naubosee 2ay00KaA NAPAMEMPUYECKAL DAKMOPUSAUUL MATNPU-
uvt Qypwe. [lonymro yrasarvr Gaxmopusayut Mampuy, NaPaMEMPUIECKUT
NePeCmaro6ox.

Iocmpoena napamempuyeckasn parmopusdavyus mampuuv, Pypve 6 cayuae,
Ko2da e€ nopadok npedcmasum 6 sude NPouU3BeICHUA NONAPHO 83AUMHO NPO-
cmolx mmoorcumeneti. [laa amozo cayuas npediodcen apuanm Gaxmopu-
sayuu mampuuv, Dypve ¢ nocaecdo8aMEAbHBIMU NEPECTNAHOEKAMU.

Paspaboman napamempuveckuti arzopumm BIID 6 mHo2omepHom cayvae
OAA NPOUBONOHOT MAMPULDL NAPAMEMPOS.

Ycosepwencmeosanv, parxmopusauyuu mampuy, Pypve Marvix nopAdkos
3,4,5,6,7,8,9,10,11,12 u 16.

IIpakTnyeckasg meHHOCTL. Pabora HocuT Teopermueckuii xapaxrep. Ilo-
crpoena mapamerpudeckast Teopusi BII®. C Toukn 3peHus peain3arimi Bce I10-
JIydeHHbIe pe3y/IbTaThl OPUEHTUPOBAHHBI Ha IapaJlie/ibHble U BEKTOPHBIC BHIYNC-
JIeHUsI. DTO OCOOEHHO aKTYaJJbHO B CBSI3U C PA3BUTUEM COBPEMEHHBIX TEXHOJIOIHIA.
PesybraTh! uccepTalini MOIYT OBITH HCIIOJIB30BaHbl B IU(POBOIT 00paboTKe CHr-
HAJIOB, HAIpUMep, JJIsi OBICTPOro (pOPMUPOBAHUs XapaKTEPUCTUK HAIIPABJIEHHO-
CTU aHTEHHBIX PEIIETOK.

Anpobamusi pabotbl m nmyosaumkauu. [lo pesysbraram jauccepraiun cjie-
JIAHBI JIOKJIaJIbI HA ceMuHape Kadepbl HCC/IeIOBaHNs oepaliuii MaT-MeX (haKy/ib-
tera CIIOI'Y, Ha cemuHape 10 JUCKPETHOMY IapMOHIYIECKOMY aHAJIM3Y W [eOMEeT-
pudeckomy mogenuposatnio (DHA & CAGD), na cebMoii Mexk yHAPOIHON KOH-
depentun «IIpuk/iajHble TEXHOJIOMMN THAPOAKYCTHKE U riipodusukny (CaHKT-
[TerepOypr, 8-10 utonst 2004 1.). HekoTopbie pe3y/ibrarhl uccepTanni BHEPEHbI B
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«Komnrepnu «Okeannpubop» npu paspadboTke mudpoBbIX IMIPOAKyCTHICCKITX KOM-
miekcoB. [To Teme gauccepraium onyoJIMKOBAHO ceMb paboT. B coBmMecTHBIX pabo-
tax |1, 4-6] HaydHOMY DPYKOBOJHMTENIO TPUHAJIEIKUT 00Ias TOCTAHOBKA 3aJ1ad
U yKaszaHue Ha UJIEI0 UCCJIeOBaHUs, a JleTaJlbHas peaan3alys WIen MOJTHOCTHIO
IpUHAJIEKAT JuccepranTy. B coBmectHoit pabore [2| C. H. ITaxomoB 0b6ocHO-
BaJI AJITOPUTM OBICTPOrO BBIUUC/IEHEsI PEBEBEPCHBIX TT€PECTAaHOBOK. PaboTsr |1, 2|
onyO/IMKOBaHbl B w3mannn 1o nepeddio BAK.

CrpyKTypa m 06beM paboThl. /luccepraliys cCOCTOUT U3 BBeJIcHUs, 9 mapa-
rpadoB, CIIICKa JIUTEPaATyphbl 1 OJHOrO Npuioxkenus. OobeéM aucceprarum — 118
crpanut. CHUCOK JUTEPATYPhl HACUNTBIBaeT 51 HamMmeHoBaHue. B nuccepranyn
nMeeTcsd 1 pucyHok u 1 Tabiura.

ConepzKanue paboThI

Bo BBejieHnn JlaH KpaTKuil ucropudeckuii 0030p u chopMyInpOBaAHbl OCHOB-
HbIC PE3YJILTAThl JUCCePTAalN.

B nepBoMm naparpade JeTajbHo aHaTu3uPyeTcss KPOHEKEPOBO YMHOXKEHNE MaT-
puil. I[IpuBojgrcs pasjimdanble BapuaHTbl (haKTOPU3allnl KPOHEKEPOBa ITPOU3BeE-
JIeHUsT HECKOJIbKIX MATPHI] B 0ObIYHOE Tpou3BejieHue. [Ipu 9ToM BazKHYIO POJIb
UrPalOT MaTPUIlbl PEBEPCHBIX 11€PECTAHOBOK.

Bo Bropom mnaparpade paccMmarpuBaeTcs BOIPOC O (haKTOpH3alUl MAaTPUIL
PEBEPCHBIX IEpPecTaHoBoOK. [lycTh § U ny,ng, ..., Ny — HaTypaJbHble YNC/IA, OT-
JINYHBIE OT eJuHuIbl. BBeéM 0b603HaUEHMsT

N =ning- - ng;
A,=nmno---n,.; mupuveEe2:s+1, A =1;

N, =n,ny0---ns nmpuv €0:s5—1, N;=

Ouesnno, aro Ny = N u A,n, N, = N upnu Bcex v € 0 : s. Jlioboe qucio
1 € 0: N —1 ¢ noMompbio OCJAe0BATEIHLHOIO JIeJIEHUsST MOXKHO €IMHCTBEHHBIM
o0pa30M IIpeJICTaBUThL B BU/IE

S

i =15 (Ms—1---n1) Fi5-1 (Ng—g---m1) + -+ iang + 1 :ZiVAV7

v=1

rae 1, € 0:n, — 1. KoasdpunmenTsl 7,, 9Toro pasyioxKeHust 00pasyioT cMeuaHHvil
%00 quCHa &, & = (Tgy ..., 01 )0, n-

PeBepcHast 1epecraHOBKa CBsi3aHa C II€PEBOPAUNBAHIEM CMEIIaHHOT'O KO/ Iie-
JIBIX HEOTPUIATEIbHBIX TNCEJT:

eV, ny,...,n, ((st bs—15--- 7Z1)n57n3_1,---,n1) = (i1, 92, - - - 7Z8)n1,n2,---,ns .
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MaTpuiia peBepCHBIX II€PECTAHOBOK OIIPEJIE/ISIeTCs TaK:

1, ecin j =revy, n,. (1),

RevnlanQa“'ans |:Z7 j] = {

0 B OCTAJbHBIX C/IydasX.

T
OrmeTnm, 910 (Revnhn%,’ns) = Revy, n, 1.
B auccepramyum 1mojiydeHbl 9eTbipe BapraHTa (paKTOpU3alil MaTPHUI[ PeBepc-
HBIX IIePECTAHOBOK.

TEOPEMA 2.2. Cnpasedausvl pasnoostcerus

s—1

Revnl,ng,...ms = ‘“:(IAV X ReVnV,N,,) ) (1)
v=1
—

Revnl,ng,...,ns — ) ‘_(INZ, & ReVA,,,n,,) ) (2)
V=
571

Revnhn%---yns - ____(Revns—u7Ns—z/ ® IAS—I/) ) (3)
v=1
S

Revn17n27~-~7ns — ‘_‘_(ReVAsfuvnsfu ® INS*V) ) (4)
v=0

2de @ — omepayus KpoHekeposa ymuosicenus u Iy — edunuunas mampuuya no-
paodka N .

B npasbix uactsix dopmyi (1)—(4) npucyrerBytor marpuibl Rev, 3aBucsiime
TOJILKO OT JIBYX IIapaMeTpPOB.

B Tperbem maparpade npeiaraoTcsd pasimdHble BapUaHThl (haKTOopU3alun
Marpunbl Pypbe 1o Merony Kynu-Thiokn Ha 0a3e KpoHEKEpOBa, YMHOXKCHUST MaT-
pur. Pacemorpum matpuity @ypoe Fy ¢ /1eMeHTaMn

Fylk,jl=wh,  kjec0:N-1,

rie wy = exp(27mi/N) — koperb N-it cTeleHr U3 eJMHUIIbL.
CrpaBe /BBl Pa3JI0XKEHUsT

Fy = (H ([Ay ® Fp, ® INV) (IAV 029 ijd]\;mm))Revns,m’n1 , (5)
v=1
FN - <H ReVN/nu,nu ([N/nu ® Fny)Gg\?)> Revns,...ml ) (6)

v=1



¥)

3aech Twidy, ,, 1 Gy’ — JAuaronajbHble MaTPHILI BpallleHuil ¢ ajieMenTamu

Twidy,u[i +j Ny i+ N =wi , i€0:N,—1, j€0:n, —1;
GS\Z)[@‘FJ'W’Z"FJ'”V]:wj\ftjff”J, i€e0:n,—1, j€0:N/n,—1.

Pasnoxenne (5) npencrasisier coboii Hanbosiee oOIYI0 U COBePIIeHHY0 (hop-
My pesyibrara, nosyderHoro Kymun n Teiokn. @opmysa (6) coorBeTcTByeT al-
ropurmy BII®, opuenTupoBaHHOMY Ha HapaJiiejbHble BLIYUCICHUs, a (POpMy-
na (7) — ua Bektopuble. B amropurme BII®, mopoxkmaemom dopmyitoii (8), He
TPeOYIOTCs EePECTAHOBKY JAHHBIX JIO WX II0C/Ie IPEe0OPA30BAHUSI.

B gerBéproMm maparpade mpejcTaBieH YCOBEPIIEHCTBOBAHHDBIN BapuanT 00IIe-
ro nojaxojia K Beraucsaenuto 11D, npemioxkennoro M. B. Ceepmnkom. [pe;iro-
JIOPKUM, 9TO NpH BeceX v € 1 : s HaiiayTea dauciaa p,, ¢, n3 1 : N — 1, B3auMuo
pocThie ¢ n,, n HarypaJbHble D,, G,, Takue, uro Jwobwie k,7 € 0 : N — 1
JIOTTYCKAIOT TPEJICTABICHIS

j:<ZijVDy>N7 j,€0:m, —1,
v=1

k:<2kquGu> , k,€0:n,—1.
p=1 N

Bekropsl p = (p1,pa2,---,0s) U ¢ = (q1,G2, - - -, qs) OyiieM Ha3bIBATH 6EKMOPAMU
napamempos.

CokpaileHne KoJandecTBa apudMeTnieckux oneparuii npu Borauciaennn IO
BO3MOZKHO B TPEX cilydasx Bbibopa 6asucos {D,} n {G}:

1) D, =B, uG, =B, tne B, = N/n,. B atom ciyuae

S
kj _ LD
Wy = H wnl,
v=1

nipu yesioun, 910 (q,p,By)n, = 1 npu Becex v € 1 : s. YKazaHHbIil BLIOOD
IPUBOJUT K ITapaMeTPUICCKOMY BapuaHTy MeETOjla IPOCTHIX MHOXKHUTE el
Juts Beraucaenus JIITO.



2) D, =N, uG,=2A, Bosrom ciyuae

v—1
I/JV ]upv 2=t b qu Ay
wN = Wy WA,

v=2

IIPpU YCJIOBUH, UTO (ql,p,,>ny = 1 npu Bcex v € 1 : 5. YKazaHHBIII BBIOOD
IPUBOIAT K apameTpmdeckomy BapuanTy bBIID ¢ mpopekuBanueM 1o Bpe-
MEHI.

3) D, =A, uG,= N, Bosroum ciyuae

—1 .
WN — I |w ﬂjﬂ | |w qu 1.]I/pl/AV

P YCJIOBUU, 9TO (G, Py)pn, = 1 1ipu Becex v € 1 @ s. YKazaHHbIil BBIOOD TpH-
BOJUT K napameTpudeckomy BapuanTy bII® ¢ mpope:knBannem 1Mo gacToTe.

B narom Haparpa(be paccMaTpUuBa€TCsA HapaMeTpI/I‘IeCKI/Iﬁ BapuaHT METO/a

IPOCTBIX MHOXKHTeJe. BBenéM IepecTaHOBKY permgﬁljjj;;is), COIIOCTABJIAIOILY IO

auciy j = (Jss---»J1)n,...ny, TACIO

permgfl{;f;’ D) <Z JupvB >

DTa 1epecTanoBKa olpejiesiena u npu s = 1. 3amuch k = perm(p 1)(j) O3HaYaer,
aro k = (j p1)n,. Takasi nepecraHoBKa Ha3bIBACTCS IUAEPOGOU.

Matpurna 3i171epoBbIX TTepecTanOBOK Perm(pl’ ’ps) olpe/ie/isieTcsl CTaH aPTHBIM
ciocobom. Ilpu p1 = po = -+ = p, = 1 nonquM MAMPUYY PYPUMAHCKUT
nepecmaHo60x.

TEOPEMA 5.1. Cnpasedauso pasnooicerue

S

Perm(P1p2-ps) — (Permgis) ® Permgi‘:l) Q- ® Perm%pll)) H(IN ® Perm(A1 1ZLV) .

n1,1m2,...,Ms
v=2

13 Teopempr 5.1 npn py = pa = -+ = py = 1 creayer pasiozKeHue MaTpPUIIbI
PYPUTAHCKIX 1EPECTAHOBOK:

S

Perm(bi-1) H(I ® Perm(A 7)%)

n1,M2,...,Ms
v=2

BoJtee Toro, camo 3aksodeHne TeopeMbl 5.1 MOXKHO IepenucaTb B BUJC

Perm(P1r2- 7”’3) = (Perm( Ps) @ Perm(ps 1) ® -+ ® Perm® ))Perm(l’l’“"l)

n1,M2,.. 1,12,...,Tg
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TEOPEMA 5.2. I[Iycmov N = ning - - - ng, 206 COMHOACUMENU T, NONAPHO 630~
umno npocmol. Toeda npu arobom sexmope napamempos p = (p1, P2, - - -, Ps) Mam-
puvya Pypve Fy donyckaem npedcmasaerue

Fy = (Permgqulhqu 7qs)) (F QF, Q- ® Fnl)PermSL}il,;gz,’f.'fﬁ:)’ (9)
ede ¢ = (q1,q2, - --,Qs) — CONPANCENHBIT BEKMODP NAPAMEMPOS, KOMNOHEHMBL KO-

mopoezo onpedeasromes yeaosuem (qp,By)n, =1, v € 1 s.

B cBa3u ¢ Teopemoit 5.2 MPeACTaBIIIOT HHTEPEC CAMOCONPAHCEHHDIE BEKTNODDL
napamempos p, TaKue, 9TO COMPSKEHHBIN BEKTOP IapaMeTPOB ¢ COBIAJIAET C P.
B srom cityuae B passioxkerun (9) npUCYTCTBYET TOJBKO OJJHA MATPUIA [EPEeCTa-
HOBOK. Obo3HauuM 4Yepe3 b, eIMHCTBEHHOe Ha MHO)KecTBe 1 : m, — 1 permrenue
ypasrenusi (xB,), = 1. CaMoCONpPSKEHHBIIT BEKTOP MapaMeTPOB CYIIECTBYET TO-
IJIa U TOJIBKO TOIVIa, KOTJA IIPU BeeX V € 1 : s 9ucyo b, ABasgeTcsa KBaJpaTuIHbIM
BBIUETOM 110 MOJLYJIIO 11,,.

Ilyctb p, — pemtenue ypasuenns (x2), = b, upu v € 1 : s. B Takom ciydae
BEKTOp mapamerpoB p = (p1,D2,...,Ps) Oymer camoconpsizkénubiM. Harmpumep,
npu s = 2, ny = 4, ng = 25 cylIecTBYeT YeTbIpe CaMOCOIPAKEHHBIX BEKTOPA
mapametpos: p = (1,12), p = (1,13), p = (3,12) u p = (3, 13).

Emé omgun mpumep: mpu s = 3, ny = 2, ng = 3, N3 = 5 CAMOCOIPAKEH-
HBIM OyJier pyputaHckuii Bekrop mapamerpos p = (1,1,1). CamoconpszkEHHBI-

MU DYpPHUTAHCKHE KOJbl OyyT TakXKe B CAAYIONUX ciaydasx: n = (2,3,7,41),
=(2,3,11,13), n = (2,3,7,83,85), n = (2,3,11,17,59).

B mecrom maparpade paccmarpuBaercsd napaMerpuyuecKuii MeToj; ObICTporo

npeobpazoBanust ypbe B obiieM ciaydae. Begaém repecraHOBKN mlx(pl’ ;EL”:) u
revfzpﬁ’ 3%), CONOCTABJISAIONIUE YUCTY § = (Js; - - -5 J1)n,,..ny TUCTIA

mix (L) <Z Jv PrA >
revifie ) (j) = <Z~7”p Y >
v=1

MaTrpunsl mepecTaHoBOK ij,(fll"";f’;) u Rev(pl’“';f;) OIIPEJIeJISTIOTCS CTaHIapT-

N

N

HBIM criocoboM. OTmeTnmM, 4To Rev(pl’ ’pg) Rev( )Mlxgﬁf’ ;fll).

TEOPEMA 6.1. IIpu s > 2 cnpagedausvl passoxcerun

s—1
MlX(m,pz, ,ps) _ H(Mlx(ps u]if) ® IASW) ,

ni,ng,.. Ns—v,
v=0
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S

Revifiet) = H(IN ® Rev(Af’j ;»

v=1

Hawm norpebyercs juaronajbHas napaMerpudeckas MaTpunia spaienuit Twid
C 3JIeMEHTaMU

v—1 .
174 1% o « QA(!
TW1d(p1’ T{’V” 117’5:)@ jl = W Vpﬂz"*lj PeBa " pe2:s.
3xech J= (jl/)jl/—l) cee 7j1)ny,nu—1,...,n1' ITo OlpeJIC/ICHUIO TWldggll) = Im'

TEOPEMA 6.2. IIpu N = niny - - - ng u atobom eexmope napamempos p = (p1,
Do, ..., Ds) mampuua Dypve Fy donyckaem npedcmasaerue

Fy = (Revif)! ( [ (v, @ Twidifemie)) (I, @ B, Mv)) Mix (7o)
v=1

ede q = (q1,q2,---,Qs) — CONPAACENHBIT BEKMODP NAPAMEMPOS, KOMNOHEHML KO-
mopoezo onpedeastomes ycaosuem (qy Py)n, = 1, v € 1 : 5.

Anropurm BII®, coorBercTByromuii (hakTopusamnmu MaTpuilbl Pyphe B Teope-
Me 6.2, cBsI3aH € NPOpPEXKUBAHUEM 110 YacToTe. Kak cjie/IcTBIe, MOXKHO ITOJIYUUTh
dakropuzaruio marpulbl Pypwe, coorBercTByomyo BIID ¢ npopexkuBanueM 110
BPEMEHH:

Fy = (Mix} ﬁf))T<H(IAV®FnV®fNy)(1A ® Twid,"~ ’q”“’p”))Revﬁii’ )

Ny 41,10y
v=1

BekTop napaMeTpoB MOXKHO TOJ00paTh TAKUM 0OpPa30M, UTO YUCJIO HETPUBH-
AJIbHBIX 9JIEMEHTOB (OTIMIHbIX 0T +1 1 +4) B mapaMeTpruaecKoii MaTpurie Bparie-
HUIl yMEHBIIIUTCS 110 CPABHEHUIO ¢ 00BITHOIT (HemapaMeTpuieckoii) Marpurieii Bpa-

mennii. Hanpumep, eciu nosoxkuts 1 = (2,3,4), ro T Wjdg?’)l) COJIEPKUT 2 HETPU-

(1,1,
BUAJILHBIX dJIEMEHTa, TWld; 34 )12 ssemerrros. Ecjiu nojoskuts p=1(3,2,3) u
1<

(3,2)

= (1,2,3), To B marpure Twid, 3 BCe AUarOHaJIbHBIE 3JIEMEHTBI CTAHYT TPHUBI-

(3,2) (3,2,3)

asnpubiMn (Twidy s’ = Ig), a B marpune Twidy ; 34  OCTaHETCst TOJIbKO 6 HeTpusu-
AJIbHBIX 3JIEMEHTOB.

B cegpMom maparpade Ha 0CHOBE MTPEJIBIIY X PE3YILTATOB IIPEJIJIOXKEH Tapa-
METPHYECKUIT BapuaHT METOJa MPOCTHIX MHOYKUTEIEH ¢ T0C/Ie/I0BaTe/IbHBIMI TIe-
pectanoBkamu. /[1g cooTBeTcTBYyIOIMETO asiroputma bIIdD re TpedbyioTces c/ioxKHbIe
MepecTaHOBKH JIAHHBIX JI0 WIN [TOC/Ie TPeodPA30Balsd, 8 BIYNCIECHUS TTPONUCXOIAT
COBMECTHO C ITepECTAHOBKAM.
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TEOPEMA 7.2. I[Iycmo N = ning - - - ng, 206 COMHOACUMENU T, NONAPHO 630~
umno npocmol. Toeda npu arobom sexmope napamempos p = (p1, P2, - - -, Ps) Mam-
puvya Pypve Fy donyckaem npedcmasaerue

Fy = [T((Perml®0)" @ 1s,) (I, @ F, @ 1, ) (In, © Perm?)),

v=1
2de q = (ql, qo, ..., qs) — COﬂpﬂOfCéHHbL?j GERMOP NaAapamempos, KOMNOHERMbL KO-
mopoeo onpede./mmmc,ﬂ YCAOBUEM <quVBV>nV = 1, vel:s.

B BocbMmom maparpade mosryden napamerpudecknit Bapuant BII® B mHOrO-
MepHOM caydae. [lyets my, mo, ..., my — HaATypaJbHbIE YNCIa, OTJUIHBIE OT €J11-
HUIBl. BBeiéMm obo3HadeHnsI

m = (my,ma,...,My);

M =mimg---my;

Ay =mimy---my_ mpu p €2 :t+1, Ay =1;
M, =myimyo---my mpupe0:t—1, M;=1.

MHoromepHoe nuckpeTHoe npeodpazoBanne Pypwe curnana r,, € Cy,, X Cp,, X
X X Cly,, oupejensaeTcs GopMyIIoil

my— 1 mo— 1m1 1
—k —koj —kyg
Xm(kl,]{?Q,... g E g Tm ]1 ]27-~-7]t> 1j1wm22j2"'wmttjta
J2=0 j1=0

rgekueo:mu—l,uel:t.
OT MHOIOMEpPHOTO JINCKPETHOI'O IIPeodpa3oBaHust MOXKHO MEPEeHTH K KPOHEKe-
POBY [IPOU3BEJICHUIO MATPUIL IIPEOOPAZOBAHUIT 110 KAXKIOMY U3MEPEHHIO.

IIPEJJIOYKEHUE. ITycmv 2(ji + jo Ay + - + ji Ay) = 21, G, - -1 5t) u
X=(F,® - QF,QF,),
2de qu[k,j] = wn_lﬁj, k,jeO0:m,—1, pel:t. Tozda
Xt Eooy oo ) = Xkt 4 ko Ay + -+ ko Ay).

PaccmorpuM onnH n3 BapuaHTOB bakTopn3alun MaTpuipe! F, & - @ F,, ®
® F,. Beeném marpuny n = {n,,} (v € 1:s, p € 1:t), rakyio, ato m, =
= NquNay - Ny Cuntaem n,, > 1. llycrs

Ay =n1,N0 0 Myt mpuve2:s+1, Ay, =1;
Nyy=npi1 g2, ngy, nmpur e€0:s—1, Ny, =1.

Boibepem marpuily napamerpos p = {p, .} (v € 1 :s, p € 1 : ¢), Takyio, 4o
KazKJ[0€ Py, B3AUMHO IPOCTO C Ty .
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TEOPEMA 8.1. IIpu a060t mampuye napamempos p = {p,,,} mampuya F,, &
® - @y, ® F,, donyckaem npedcmassenie

s t
m@m®mﬂmW4%W(HT]IWN@9M®M%0$%

ede ¢ = {qv,} — mampuuya conpastcérnnor napa,/wempoe, INEMEHMDL KOMOPOT

onpedeasomes yerosuem Q. Po.y)n,, = 1; SW oy R MATMPULUDL NEPECTNAHO-
6ok 6uda
t
ps V;ul)
H H IM ® MIX Ng— V/L;Ns vV, ® IAS*V“U«AIJ«) )
v=0 p=1
S t
_ (qu/’#) .
= 1[I (T, @ Revi s @ 1) 5
v=1 p=1
v
T7§1) — aUCL?O’H,(L/L’bHCLﬂ mampuuya C INEMEHTAMU
¢ -1
_ o 22:1 Joop Pap Do
105 3 o B 3 3 o Bagi] = [Tk :
n=1a= p=1a= '

p=1
edeve2:s,pelitug,€0:ng,—1.

Paccmorpen mpumep, J1eMOHCTPUPYIONIUN MTPEMMYTIIECTBO TapaMeTPUIECKOT0

211 311 100
HOLLXOLLE(L)HyCTb m = (24,6,2) un = [3%%},]7 = [%%%], q = {%%(1)] B mar-
2

T, T2 = Iss). B
putie Ty’ Bce nmaronajbHbe 3jeMeHThl TpuBnasbhbie (T’ = lsss). B marpure
3
TT%) cpeJin JUaroHaJbHbIX 9JIEMEHTOB 72 HeTpUBHAJIbLHLIX. B HermapaMeTpuniecKkoM
2
ciydae (BCe p,,, U Gy, PABHBI eJlHuIe) B MaTpuIe 1; T(n) CpeJin InaroHaJbHBIX dJIe-

(3)

MeHToB 96 HeTpUBHAJBHBIX, a B MaTpure 1,,’ — 180 HeTpuBuaIbHBIX.

Hessareiit naparpad 3ambikaeT TeMy BII®. Bee daxropuzamnmm MaTpHIlbI
dypbe paccMOTpeHnble paHee, cojiepkar MaTpuilbl Dypbe MasbIX TOPAIKOB, KO-
Topble i bosiee apdexkTuBHOro Bhraucaennst 1D Toxke HeobxoanuMo dpakToOpu-
3oBaTh. Hamomunwm, aro 11D ompegenarcs dpopmyioit

N-1 .
X(k)=> z(jlwy?, ke€0:N-1. (10)
j=0
Beicpriit aaroputm Bunorpaa serauciaenus 11D, paszpaborannsiii B 1978 romy,
ocHoBaH Ha TpuBeeHnu (GopmyJsl (10) K Buy

X =CBAzx. (11)
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3nech B — nqumaronaJjibHast MaTpuiia, OTBETCTBeHHAsI 38 yMHO)KeHusd, A u C' — mar-
PUIIBI, 3J1eMeHThl KOTOpbiX paBHbl 0, 1 man —1. Marpuier A u C' HaszbiBaloTCS
COOTBETCTBEHHO MAaTPUIICH ITPEJICIOKEHNIT 1 MaTPUIEil TOCTC/IOZKEHUIA.

Dakropusaius (11) uMeer 1e/bI0 MUHIMI3HPOBATD YUCI0 yMHOXKeHHH. To-
Obl MUHUMU3UPOBATH YUCJIO CJIOYKEHUM, HYy»KHO hakTopu3oBaTh MaTpuiibl A u C,
T. €. IIePEeHTH K Pa3JI0ZKEHUIO

XZ0102...CmBAnAnf1...A1£E, (12)

B KoTopoMm comuokuten Cy n A; 0b01aai0T CaeayIoMIMI CBOCTBAMEI: X 3Je-
MEHTHI Mo-TpexkHeMy paBHbI 0, 1 winm —1, HO B KaxKJ10if CTPOKe 9TUX COMHOYKUTE-
JIelt COIePXKUTCsI, 110 BO3MOXKHOCTHU, He 6oJjiee JBYX OTJIMYHBIX OT HYJISI 9JIEMEHTOB.
Paznoxenune (12) He eIUHCTBEHHO, TTOITOMY MOYKHO CTABUTH JOTIOJHUTE/ b
Hble ycjoBusi. Hampumep, moxkHO moTpeboBarh, aTobbl MaTpuilbl Cfp n A; ObI-
JIU, B OCHOBHOM, CUMMETPUYHBIMU, YTOOBI 3HaUeHWe —1 CTOAJIO, 10 BO3MOYKHO-
CTU, Ha JUATOHAJIAX U T. JI. Takue JONOJHUTEIbHbIE YCI0BUSI TPYIHO (DOPMAJIN-
30BaTh. B auccepraiimm mpuBeiéH BBIBOJ «COBEPIEHHBIX» pas3jioykeHnit Bua (12)
npu N = 3,4,5,6. B npuioxkenun ykazanbl pazjoxenus npu N = 7,8,9,10,
11,12,16. B Tabaune 1 npuBegeHbl XapaKTePUCTUKK MOy YEHHBIX aJIrOPUTMOB.

Tabauna 1. Xapakrepuctuku ajaroputmon bBIID

[Topstmox Yucio ) [opsiiox U —— i
aJITOPUTMa | COMHOMKHTeJNell | JIHarOHaJIbHOI 3 )
BII® B (baKTOpHU3aIN MaTPUILbI YMHOZKCHIN ) CJIOZKEHIN
2 1 2 0 5 =
3 5 3 9 6
4 3 4 0 8
0 7 6 5 17
6 6 6 4 18
/ 7 9 8 36
8 6 8 2 2%
9 7 12 10 49
10 8 192 10 A4
11 9 21 20 34
12 7 12 ] 48
16 9 18 10 74
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